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Abstract 

The renormalization is investigated of one-loop quantum fluctua- 
tions around a constrained instanton in ^-theory with negative cou- 
pling. It is found that the constraint should be renormalized also. 
This indicates that in general only renormalizable constraints are per- 
mitted. 
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1 Introduction 

Instantons PP, j2] only exist in conformally invariant field theories because 
of Derrick's theorem |3] . When conformal invariance is broken, approximate 
solutions can be used to estimate the path integral of the theory in question 
[3]; one way of implementing this idea is to introduce a constraint in the 
theory that explicitly violates conformal invariance [3], 0. 

In an earlier publication [7] it was shown that the choice of constraint is 
more restricted than previously assumed since most constraints do not lead 
to a finite action. Constrained instantons were explicitly constructed in two 
instances, <^ 4 -theory with "wrong" coupling sign, and the Yang-Mills-Higgs 
theory. In the former case, where an instanton solution was first obtained 
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by Lipatov [2] in the context of the large-order behaviour of the perturba- 
tion series, it was found that there are only two permitted constraints, both 
involving a cubic coupling, but either in operator form or as a source in the 
field equation. For the Yang-Mills-Higgs case only a source constraint was 
determined. 

These results indicate that the allowed constraints should have the prop- 
erty of being (i) renormalizable, (ii) gauge invariant (in the case of gauge 
theories). In order to investigate this conjecture further, we examine in 
the present paper the quantum fluctuations around a constrained instanton 
in 4 -theory with wrong-signed coupling. The Yang-Mills-Higgs system is 
more interesting physically, but also more complicated. We compute the 
mass corrections of the one-loop functional determinant, regularized by zeta 
function regularization [S], and show that a change of the mass scale in- 
troduced through regularization takes place through the customary mass and 
coupling constant renormalization, if the constraint is enforced by a source 
term, but with an operator constraint also the constraint coefficient should 
be renormalized. Thus it is indeed likely that the constraint always should 
be renormalizable. 

The layout of the paper is the following: In sec. 2 the instanton solution 
of jTj is recapitulated, and the mass corrected terms of the classical action 
relevant for renormalization are constructed; the construction involves an 
infinite resummation because of infrared divergences. In sec. 3 a heuristic 
argument on the three one-loop renormalizations of the theory in an instanton 
background is given. Sec. 4 deals with the quantum fluctuations around the 
instanton solution in the massless limit, and the mass corrections of the 
eigenvalues are given in sec. 5. Finally in sees. 6 and 7 the mass corrections 
of the one-loop functional determinant and their renormalizations are dealt 
with for the cases of an operator and a source constraint, respectively. Our 
results are briefly stated in the conclusion, and three appendices deal with the 
eigenfunctions in the massless case, matrix elements of the mass perturbation 
terms, and zeta function regularization. 

2 Instanton solution in massive </> 4 -theory 

In the massless scalar 4 -theory with negative coupling constant the Eu- 
clidean Lagrangian is 
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The resulting equation of motion has an instanton solution: 

/3 Ap 
0o = \ — 5— —2 
V g p + % 



(2.2) 



where the subscript indicates the order in the mass expansion and where p 
is an arbitrary scale parameter. The value of the action at the instanton 
solution is: 

r 1 Pitt 2 

S[(f> } = / d A xL(cf> ) = — . (2.3) 



In the presence of a mass term one has to impose a constraint (that also 
breaks scale invariance) in order to keep the action finite. This may be a 
source constraint or an operator constraint. In the massive scalar </> 4 -theory 
the appropriate operator constraint is known to be [7j: 

d 4 x<p 3 (x) = hp (2.4) 

with k a constant that to zeroth order has the value, found by insertion of 
Q into dHJ): _ 

k = — \ -7i 2 . 2.5 
9 V 

The presence of the constraint leads to an effective Lagrangian: 

L eff (0) = L(0) + ^m 2 2 + ^ 3 (2-6) 

where a is chosen such that the field equation has a finite-action instanton 
solution. The mass parameter is assumed small so the solution for a and 
corrections to the instanton configuration are expressed as a power series in 
m. To second order one finds the field equation: 

(d 2 + |<^)</>2 - m 2 o - 3a 2 <Pl = (2.7) 

with: 

\/3o 9 . m 2 p 2 

02 = ^f-m 2 p(\og + 2 7 + 2). (2.8) 

The corresponding instanton solution is [Zj: 

0cl - </>0 + 02 = 00 + 02,a + 02,6, (2.9) 
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where 



/3 1 1 u 

-m 2 p{-( 12m) logu + 6u(l - 2w)$(^^) + 12m), (2.10) 
g 1 — u u 



with 



and 



« = - I £- i , » (x)= r < y!?i(l+£i, 



h,b= J-m 2 p(log— *L + 2 T -1). (2.12) 
V 4 

Here $(z) is the Spence function jTHj, and ^2,6 constitutes with </> (apart from 
a proportionality factor) the two first terms of the modified Bessel function 
Ki(m \ x \), thus ensuring correct asymptotic behaviour at large values of 
| x |, where 

Ki(m I x I) ~ ^e- mN . (2.13) 
y m | x | 

To order m 2 the value of the constant k is in fact divergent, and a large 
cutoff R limiting | x | must be introduced. Then the following value of k^ is 
found: 

144 [3 2 2 2 /l , 2 # 2 7T 2 1 

h - W-tt mp -log — + — + 1 

9 \ 9 \2 p 2 6 

mV i? 2 \ 

+ (log - A + 2 7 - l)(log ^ - 1) J (2.14) 

by means of (|2.4|) and the integrals (|B.4|) and (|B.16|) in App. [B| 

The second-order mass corrections to the classical action are also evalu- 
ated: 2 

^- J d^x<Pl + J d^d^od^h - (2.15) 

These integrals again diverge logarithmically but the divergences actually 
cancel out after summation to all orders in the mass parameter. Similar 
divergences also occur for the one-loop corrections of the action. The re- 
summation necessary to eliminate the divergences of ()2.15j) is carried out by 
rewriting the action: 

S[4>] = J d'x^d^d^) + ^(-d 2 - + m 2 2 + 3a0 2 ) 
+^ 4 -^ 3 )- (2.16) 



Here the second term vanishes for a field configuration that is a solution of 
the field equation. The first term of (|2.16|) : 



d'xd^d^) (2.17) 



is a surface term and is estimated by means of the partition of the solution 
of the field equation into leading terms, nextleading terms etc., where the 
leading terms for large x-values j7j sum to 

^P\hr^i K i(m | x |) (2.18) 
V g | x | 

with exponential falloff at large | x \ . ()2.17|) thus goes to zero when the inte- 
gration volume goes to infinity. The same conclusion holds for nextleading 
etc. terms since they also after resummation have exponential falloff [Zj and 
the term ()2.17j) can be neglected altogether. Thus the value of the classical 
action at the instanton solution <p c i is: 

S[U = JdH^-l^l) (2-19) 

that to second order is 

S[<j> A ] ~ J d'x(^4 + | <t>l<h,a + ~<^(#2,& - 9a)). (2.20) 
In (I2.20J) the first term is known from ()2.3|) . and the third term is 

247r2 m 2 p 2 (log ^f- + 2 7 + 8). (2.21) 



9 4 

The second term of TFM is by Q and (l2~TUl) as well as (lR4l) and (IRTHJ) : 

§ / rf 4 x^0 2 , a = — m 2 ^. (2.22) 



6 ■/ # 
The classical action including second order mass corrections is thus 

SW ^(l_^(log^ + 2 7+ l)). (2.23) 



5 



Mass renormalization should, in the absence of infrared divergences, be 
carried out upon ^ / <p"^d A x\ after resummation ()2.23j) should be used in- 
stead. The coupling constant renormalization is not troubled by infrared 
divergences and should be carried out on the mass corrected quartic part of 
the action before the resummation leading to ()2.23|) . i.e. on: 

- 9 -j *xfo<& = -^mV (log + 2 7 + §) (2.24) 
o J g A 2 

while the renormalization of the constraint coefficient, in the case of an op- 
erator constraint, should act on: 

f , 4 96 [3 „ 48tt 2 9 m 2 p 2 

o 2 / d A x<g = a—J-7T 2 p = m 2 p 2 log — + 2 7 + 2 2.25 

J 9 V 9 9 4 

in both cases by multiplication with the same coupling constant renormal- 
ization factor. 



3 Quantum fluctuations 
3.1 One- loop path integral 

The path integral is evaluated by the Faddeev-Popov procedure, modified to 
enforce the constraint. The outcome is in the one- loop approximation 

Zoc J dp J d 4 zp(p)e- s[M - s ° 2 f d4x<t, o(det'M)-^ (3.1) 

with integration over collective coordinates, where is the appropriate 
integral measure, and with the Gaussian fluctuation operator 

M ~ M + M 2 (3.2) 

with 

M = d 2 - 9 -<g- M 2 = m 2 - # 2 0o + 6a 2 o . (3.3) 

Here the prime indicates that zero-modes and quasi- zero-modes; in the mass- 
less limit there are four translational zero modes and one dilatational zero 
mode, and after inclusion of mass they get nonzero eigenvalues (the transla- 
tional zero mode only if the constraint is enforced by a source term). The in- 
tegral measure p(p) is found from the normalization factors of the zero modes 
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and gets additional mass corrections from the nonzero eigenvalue corrections 
of these modes. It will not be constructed explicitly since it is irrelevant for 
the issue of renormalization. 
In (JSIJ) the factor 

g-jsa/**^ (3.4) 

which only should be present for an operator constraint, is generated by 
having a value of the constant k in the constraint ([2.4)1 . when applied to the 
path integral, that is slightly different from ko- The factor ()3.4|) is necessary 
for the renormalization of the constraint coefficient. 

A normal coordinate expansion of the quantum fluctuation scalar field 5(f) 

is: 

54> = ^a p (l) p (3.5) 

where the sum runs over all normalized field modes including the transla- 
tional zero modes M and the dilational quasi-zero mode P ; a p denotes the 
corresponding normal coordinates, and the eigenvalue equation is [2], [I]: 



Ap 2 



where the nontrivial factor on the right-hand side makes the spectrum dis- 
crete and reflects the fact that it conveniently may be obtained by a stereo- 
graphic projection [2]. Here the eigenvalue X p is dimensionless, and since p 
sets the instanton scale, the proper dimensionful eigenvalue is -f . 

In the eigenvalue equation ()3.6|) the term M 2 should be treated as a 
perturbation, and the equation can then be solved by standard perturbation 
theory. However, at large distances a direct determination of 4> p to all orders 
is possible. At large values of x 2 the right-hand side (|3.6|) vanishes, and it 
reduces in this limit to the Euclidean Klein-Gordon equation: 

(-a 2 + m 2 )<j) p ~ (3.7) 

with the normalizable solution 

Tfl 

(f) p oc - — rKAm I x I) (3.8) 
I x I 

where the proportionality factor is fixed by comparison with the massless 
limit. 
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3.2 Green's function and renormalization 

A rough estimate of the mass correction of the functional determinant, where 
only terms proportional to log(m 2 p 2 ) are considered, is first given by means 
of Green's function techniques. From this estimate a heuristic argument on 
the required renormalizations is made. 

Starting from the free massless propagator 

the determinant is computed perturbatively, with the perturbation 

AM = -|0 2 + M 2 (3.10) 
where M 2 is defined in (J3.2J) . The massless propagator is then approximately 

G (x, x') ~ D(x - x') + Ul(x)-^ log — (3.11) 

2 lb7T z (x — x') 1 

where R is the infrared cutoff introduced previously. 

The mass correction to the one-loop action is then, also approximately: 

~Jd A xM 2 {x)G (x,x) ~ | T i-^log(A 2 J R 2 ) J d 4 xM 2 (z)^(x) (3.12) 

with A an ultraviolet cutoff. This expression has a contribution from the 
term m 2 of (l3~2|) : 



|m 2 I ^log(A 2 J R 2 ) / d'x^x) ~ -m 2 p 2 log(A 2 i? 2 ) log j 2 



2 



3 

-m 2 p 2 log(A 2 p 2 )log(m 2 p 2 ) (3.13) 



a contribution from 



W2 
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2 



4 16tt 



^log^i? 2 ) / d 4 x0 2 (x)^(a;) ~ -\m 2 p 2 log(A 2 i? 2 ) log(m 2 p 2 ) 

)7T Z J 2 



~m 2 p 2 log(A 2 p 2 ) log(m 2 p 2 ) (3.14) 
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and a term from 6o"2<A) : 

| I ^log(A 2 J R 2 )6a 2 | d^l(x) ~ ^m 2 p 2 log(A 2 i? 2 )log(m 2 p 2 ) 

~ ^m 2 p 2 log(A 2 p 2 ) log(m 2 p 2 ). (3.15) 

In (j3.13j) . ()3.14|) and ()3.15|) the infrared cutoff ^ was replaced by either 
the instanton scale parameter p or the physical mass m in an apparently 
arbitrary manner; this procedure is justified below in sec. HI and sec. The 
two expressions in ()3.14|) and ()3.15|) actually cancel, but it is instructive to 
consider them separately, since they correspond to different renormalizations. 

The coupling constant renormalization is easily obtained by this argument 
also; going to second order in (|3.11|) one gets the second-order correction to 
the determinant: 

9 1 i / a 2 r>2\ f j4 j.4 _ ^ 



16 16tt 2 



log(A 2 i? 2 ) J ~ ~ \og(A 2 R 2 ). (3.16) 



The divergent expression (|3.13|) is eliminated by the customary mass 
renormalization, which in perturbation theory to lowest order is: 



9 . A 2 



,2 2 



m 2 (l--f-log— ) (3.17) 



with /i an arbitrary mass scale (only the logarithmic part is kept). 

Replacing in ()2.23|) the mass with the bare mass according to ()3.17|) one 
obtains the double logarithmic term 



3 2 my. A 2 
-m p log — — log - 

4 4 p 



m 2 p 2 log —j— log — (3.18) 



which exactly cancels the divergence in ()3.13jl . 

For the expression 1)3.14)1 the infinity is removed by the coupling constant 
renormalization of ordinary perturbation theory of (J2.24)) : 



9(l-^og^). (3.19) 
327r^ pr 



Notice that the renormalization is carried out on the coupling in the first 
version of (|2.24|) where g is in the numerator. 



9 



Finally for (J3.15)) the infinity is removed by replacing a 2 in (J2.25|) by the 
corresponding bare quantity: 



"bare 



,2 ^ 02(1 



327T 2 



35 




(3.20) 



i.e. the cubic coupling is renormalized as the quartic coupling, as in ordinary 
perturbation theory. In ()3.4|) this corresponds to the choice: 



This loose argument indicates that the cubic operator constraint should 
be renormalized as an ordinary cubic coupling; that this is indeed the case 
is verified in detail below in sees. 6 and 7. With a source constraint (|3.15j) is 
absent and only mass and coupling constant renormalizations are required. 

4 The massless limit 

In the massless limit the eigenvalue equation (|3.(ij) is explicitly solvable. The 
eigenfunctions (fi p are separated into a radial and an angular part: 

(j)p(x) = (j) n l mi m 2 (x) = {V2 P )- 1 P lmim2 (VL)u l+1 {l - u) l Xnl{u) (4.1) 

where the angular part is an 0(4) spherical harmonic Pi mim2 (Q) while the 
radial function Xni{u) can be expressed in terms of a Gegenbauer polynomial; 
it is given explicitly in (jA.l|) and dealt with in detail in App. [X] The angular 
eigenfunctions P[ mim2 (Q) are normalized on the unit three-sphere: 



5a 2 = — cr 2 



327T 2 



3g 




(3.21) 




(4.2) 



The eigenfunctions are required to be normalized according to: 



/ 




4p 2 



(4.3) 



2 \ 2 rri(mim2 Vn'l'm^m^ "W "nn' "mimj "m2m' 2 ■ 



The eigenvalues are 



(n + 2Z + 4)(n + 2Z- 1). 



(4.4) 
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The degeneracy is (21 + l) 2 . The corresponding eigenvalues in the absence of 
an instanton are 

Xnl |free= (fl + 21 + l)(n + 21 + 2). (4.5) 

The eigenfunctions are unmodified. The functional determinant in the mass- 
less limit was computed in Lipatov's original paper |5j from (|4.4|) . 

There are five zero modes. The translational zero modes have n = 0, 
/ = | and the dilatation zero mode has n = 1, I = 0. For n = I = an 
unstable mode occurs. The existence of the unstable mode can be inferred 
already from the zeroth order field equation which is reformulated 

- O 2 + = -J^i*» (4.6) 

The eigenfunction of the unstable mode is thus proportional to <pQ. The value 
of Aoo can as shown by Lipatov 2 J in the context of the estimate of large-order 
perturbation theory can be taken as 4 instead of —4. 



5 Mass corrections of the eigenvalues 
5.1 Statement of the problem 

The lowest-order mass corrections to the eigenvalues found in the previous 
section are now computed. The perturbed Gaussian operator is given in 
f)3.2j) . The perturbed eigenvalue problem reduces to first order in m 2 to 

4p 2 

M 0<Pnl,2 + M 2<t>nlfl = / 2 , 2 \2 (^nl,o4>nl,2 + ^nl,2<Pnlfl) (5.1) 
[p + X J 

whence: 

Anz, 2 = - / d A xd^(<p nlfi (p nli2 ) + J d i xM 2 cj) 2 nlfl (5.2) 

for eigenfunctions <p n i,o normalized according to (J4.3)) . Here we have sup- 
pressed the quantum numbers m\ and m 2 but indicated the order in the 
mass expansion for the eigenfunctions. The first term in ()5.2|) is a surface 
term at infinity that is nonvanishing if goes as \ and <\) n i,2 has a con- 
stant term and a term that grows logarithmically; this is the case for all 
/ = 0-modes including the dilatational quasi-zero mode. 
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5.2 The mass term correction 

With M 2 — > m 2 the second term of (|5.2|) is by (jB.3 



[ j4 2 i2 m P i 1 1 1 1 1 i 

/ a xm d>„, n = < nl — ni > 

J ,u 4 u 

m 2 p 2 2n + 41 + 3 (n + 21 + l)(n + 21 + 2) 
" ~~ 4 2(2^ + 1) /(/ + !) 



(5.3) 

where the notation is explained in connection with (jB.ll) . 

For / = a logarithmic divergence occurs in this matrix element. This is 
seen by use of (jB.5|) . with the integration volume a large sphere with radius 
R: 

— — < nO II vT 2 || 77.O > 
4 

m 2 n 2 R 2 3 n 1 

= -^-(2n + 3)(1 + (n + l)(n + 2)(log — - - - 2 £ ^ TT ))(5.4) 

that diverges logarithmically at i? — > oo. The infrared divergence is elimi- 
nated by using as a starting point the asymptotic expression for the m = 
eigenfunction at large values of x 2 found from (|4.1jl : 



whence is obtained the following asymptotic expression of the mass corrected 
eigenfunction necessary to obtain the correct Bessel function according to 
(|3~HD : 

1 2 / (2n + 3)I> + 3y n m 2 x 2 
4>no,2^ lP m y ^ (bg _ + 27-1). (5.6) 

This leads to a correction to the eigenvalue from the surface term of (|5.2j) 
with the value 

_ afZ i2n + 3)(n + l)(n + 2)(log ^ + 2 7 ). (5.7) 

Adding this expression to ()5.4|) one finds: 

m 2 n 2 m 2 n 2 3 n 1 

^(2n + 3)(-l + (r i + l)(n + 2)(log^ + 2 7 + ! + 2£-— T )) (5.8) 

k=l 
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where the infrared divergences have cancelled as expected. 
In the free-field case (absence of instanton) one has 

M 2 -> M 2Mc = m 2 (5.9) 

and the eigenfunctions in the massless limit are the same as in the presence 
of an instanton. Thus the total eigenvalue corrections are in this case (|5.3|) 
for I ^ and O for I = 0. 



5.3 The remaining matrix element 

The last term of (|5.2j) has the remaining term: 



d 4 x(M 2 - m 2 )^ = < nl || M \ ™ \\nl> 

m 2 p 2 



< nl || (-12u -1 [-( 12u)logu 

<± 1 — u 

1 — u 

+6u(l - 2u)$( ) + 12m - 3]) || nl > . (5.10) 

u 

The matrix elements are found in Appendix El by rather laborious calcula- 
tions, and the relevant results are given in (|B.2|) . (jB.6|) . (|B.13|) and (|B.25|) . 
leading to the result: 

d 4 x(M 2 - m 2 )4> 2 nlfi 

2 2 2n + Al + 3 / n 1^ +1 1 1 

- 3mV ^7T^ (2 g T+WTT + 2T+1 ~ ' 

21 + 1 n +™+ 1 1 2/ + 1 71+21 1 



~ 18m P( n + 2 i + 2 ^ H2I + 2 + n + 21 + l^H21 + l 
1 



--2). (5.11) 
n + 4l + 3n + 4l + 2 J v; 

The sum of f!5.3|) and ()5.11|) reduces to in the case n = 0, / = |, which 
corresponds to the translational zero modes. This is expected, since the con- 
straint is an operator constraint and thus respects translational invariance. 
For the dilatational zero mode with n = 1, 1 = the eigenvalue correction is: 

_15mV (log ^ +27 + 4) ^ (512) 

The dilatational zero mode thus becomes a quasi-zero mode because of quan- 
tum fluctuations. 
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6 Mass correction of functional determinant 

The mass corrected functional determinant in ()3.1|) is: 

1 1 1+ M 2 

(det(M + M 2 ))~5 ~ (detM )"5 e ~2 tr A/ ( 61 ) 



where 



1 M 2 1 ^ ^2, 2 < || M 2 || > 



2 tr M 2 n ? 0/=0 ^ >1 (2 ^ + 1/ (n + 2/ + 4)(n + 2/-l) 
1 YY(2l I l) 2 <^HM 2 , free ||n/> 

thus is the mass correction to the one-loop action. Here the free-field con- 
tribution was subtracted. Also the unstable made is disregarded here and 
henceforth since a single mode does not affect the renormalizations. 

The contribution to ()6.2|) from the mass term of M 2 is according to (|5.3|) 
for I ^ 0: 

m 2 p 2 ~ ~ (2/ + l)(n + 2Z+ l)(n + 2/ + 2)(2n + 4/ + 3) 

( n + 2 / + 4)(n + 2/-l)/(/ + l) 

-£§ — ^ — } (6 - 3) 

l ~ 2 

This expression is not well defined at / = where it according to (J5.8)) is 
replaced by: 

mV ™ 2n + 3 , , w w m 2 p 2 3 " 1 XN 

+ ^ S ( B+ i) (B+ 2) '- 1 + ( " + 1)(n + 2)(log -f + 27 + 2 + 2 £ ftt »■ 

(6.4) 

Introducing the summation variable s = n + 21 + | and adding ()6.3|) and 
(16 .4j) one gets: 

- ^(B> - B h ) (6.5) 
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with 

B,= t ^^(- 2 + ( s2 -\)^g^f + 2 1 + 2)). (6.6) 

S=0+1 1 t 

The function is zeta function regulated |B] [H] in terms of the function 
Z^(e) defined by 

oo 

Z^e)= £ s(s 2 -<p 2 )-\ (6.7) 

Replacing in ()6.6|) the denominator with the same quantity to the power 1 + e 
one gets: 

BJ = (log ^+27 + 2)^(6) 

+ (-2 + (0 2 - \)(log + 2 7 + 2))Z,(1 + e). (6.8) 
itself is determined from this expression and ()C.8|) : 

7T1 2 O 2 

B* = (log + 27 + 2)^(0) 

+ (-2 + (0 2 - i )(log + 2 7 + 2)) Bm(tog(A*V)eZ^(l + e) + ^eZ,(l + e)) 

(6.9) 

that by (RTTT| and jQH is 

B , = _ (log !^! + 2 7 + 2)(l + |) 

1 1 mV 2</> 1 

+ (-1 + ^ - 4)( l0 § "X" + 2 7 + 2))(log(/iV) + 2 7 - £ -). 

(6.10) 



The part of the mass correction to the one-loop action arising from the 

2 

2^2 ™2^2 ™2„2 



term m 2 in M 2 is hence 



m " (*, - BO = ^(log ^ + 27 + 2)(1 - 3(log(,y ) + 2 7 - ^) 

(6.11) 
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4 v 2 5' I I ^ v ovr r / '60 

m 2 p 2 77 
4 60 



where terms not containing log fx somewhat inconsequentially have been re- 
tained. The double logarithmic term of (JbMl)) is 

-^mVlog^log^V) (6.12) 

in agreement with ()3.13|) . with A replaced by fi. Carrying out in ()2.23|) a 
mass renormalization by the replacement (cf. ()3.17j0 : 

m 2 ^m 2 (l 9 — log At) (6.13) 

with // a new mass parameter, one gets the additional term: 

^log4(log^ + 2 7 + 2) (6.14) 
4 n' z 4 

which when added to (jfi.llj) replaces fi 2 with // 2 . Thus it has been shown 
that the mass renormalization ()3.17j) or ()6.13|) applies for the whole one-loop 
mass correction to the action. 

The remaining terms of ()5.11|) . which are related to the coupling constant 
renormalization and the renormalization of the constraint coefficient, are now 
inserted into ()6.2|) . By means of the relations 

2 4 2 2/ -I- 1 1 1 

V V = -(s - -) 2 (6.15) 



and 



V V + 1)3 , = -s(s - -) 2 (s + -)- -(s 2 - -f (6.16) 

one obtains the simple expression: 

_3^ ff ^J) (617) 

8 2 

Here zeta function regularization is again applied, with the denominator 
replaced by the same quantity to the power 1 + e according to the definition 
(16. 7|) . converting (|6.17|) into 

^(Z|(e) + 6Z f (l + e)). (6.18) 
16 



Carrying out the evaluation by means of (|C.8|) combined with (|C.llj) and 
(|C.12J) one obtains the following additional contribution to the one-loop ac- 
tion: 

3m 2 p 2 .4 . 9 9 . 137. . 

- — ^(-3 + 3(log(/^V) + 2 7 - — )). (6.19) 

The dependence on \i of ()6.19|) is removed by a coupling constant renor- 
malization, where the sum of (|2.24|) and ()2.25|) is multiplied by a factor 



This multiplication procedure produces the extra term 

9m 2 p 2 u 2 , 

that when added added to ()6.19|) replaces p 2 with p' 2 , demonstrating the con- 
sistency of the renormalization procedure sketched in subsection 13.21 which 
thus has been confirmed in detail for the case of an operator constraint. The 
case of a source constraint is dealt with in sec. 



7 Source constraint 

The renormalization is different with an operator constraint and with a source 
constraint since in the latter case the cubic coupling should not be renormal- 
ized and the factor ()3.4|) in the path integral should be replaced by unity. 
With a source constraint the term 6<7 2 <^o m M 2 is absent, with: 

tyi 2 o 2 

6(T 2 O = 12m 2 u(log— ^- + 2 7 + 2). (7.1) 

This induces an eigenvalue correction to be added to those already deter- 
mined: 

TTl 2 f) 2 

8<t\ni = -3m 2 p 2 (log + 27 + 2) < nl \ \ u' 1 1 1 nl > 

9 9/1 m 2 p 2 . 2n + 41 + 3 . 

= -3m 2 p 2 (log —g- + 2 7 + 2) 2/ + i (7.2) 
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by (|B.2J) . For n = 0, 1 = ^ and n = 1, 1 = one finds the following correction 
of the translational and dilatational zero-mode eigenvalues, respectively 

= -y ™y (log ^ + 2 7 + 2) (7.3) 

and 

<Up = -15mV(log^ + 2 7 + 2). (7.4) 

Both eigenvalues are nonzero in this case because the source constraint now 
also breaks translational invariance. 

f|7.2|) leads to the following correction of the one-loop action: 



Z n+2Z>l A ™' 



- -— (iog — + 2 - + 2) x i^Wi (7 - 5) 

which is divergent and must be regularized along with the original determi- 
nant. 

The sum 

v (2/ + l)(2n + 4/ + 3) _ ~ s(s 2 ~\) 
Jf >1 (n + 2Z-l)(n + 2Z + 4) ^ , 2 - f l ' J 

occurred in (j6.17J) and was evaluated by zeta function regularization. Using 
the same procedure here one obtains from (|7.5j) : 

- —f-(log -f- + 2 7 + 2)(-~ + 3(log(^V ) + 2 7 - — )). (7.7) 

The double logarithmic term of this result, with A replaced by /i, agrees, apart 
from the sign, with ([3. 15)1 . as it should, since the cubic coupling no more 
should be renormalized. However, again the effect of the renormalization 
goes beyond the double logarithmic terms. This is seen from (|2.25jh which 
by multiplication with (|fi.2()j) produces the extra term: 



9 "^log^(log^ + 2 7 + 2) (7.8) 
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with the same dependence on \i as ([7.7)1 . Thus, with a source constraint 
only the mass and coupling constant should be renormalized, in contrast to 
the case of an operator constraint, where a renormalization of the constraint 
coemcent is also necessary and is possible because of the factor (|3.4jl in the 
path integral. 

8 Conclusion 

Our results indicate that constraint terms in the path integral should be 
renormalized along with the Lagrangian. This seems to suggest that non- 
renormalizable constraints are not permitted, thus leading to a further re- 
striction on the choice of constraint, which in [7j was shown to be restricted 
by the requirement of a finite classical action. 

Only the scalar 4 -theory was considered, and thus one should be cautious 
by carrying over the result to e.g. the standard model or supersymmetric 
gauge theories where gauge invariance or supersymmetry may cause 
divergences to cancel. 

A Eigenfunctions 

Normalized eigenfunctions of ()3.6|) are: 

1 /(2n + 4/ + 3)r(n + 4/ + 3) 
r(2/ + 2)V n\ 
2 F 1 (-n,n + 4/ + 3;2/ + 2;w). (A.l) 

Here 2Fi(—n, n+Al+3; 21+2; u) are hypergeometric functions (Jacobi polyno- 
mials) ^21- The functions Xni{u) are normalized with respect to the integral 
measure (u(l — u)) 2l+l \ 

f 1 du{u{l-u)f l+x Xnl {uf = l. (A.2) 
Jo 

The Jacobi polynomials are given by a Rodrigues formula and also have a 
convenient series representation: 

2 F 1 (-n,n + Al + 3;2l + 2;u) 



Xniiu) 
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r(2Z + 2) ^ /1 ^_ 2 ;_i d n r „.\\n+2H-l 



T(n + 2l + 2) x v " du 

T(2/ + 2) ^ ( u)k n\ T( n + 4l + 3 + k) ^ ^ 



r(n + 4/ + 3)^ v ' k\{n-k)\ T(2l + 2 + k) 

The integral ()A.2|) . as well as the integrals in Appendix [BJ are evaluated by 
combination of the Rodrigues formula and the series representation. 
Obviously 

2 Fi(-n, n + 4l + 3; 2/ + 2; 1 - u) 

= (-l) n 2 Ft(-n, n + 4l + 3;2l + 2;u). (A.4) 
This symmetry reflects the fact that these Jacobi polynomials can be ex- 

2Z+- 

pressed in terms of Gegenbauer polynomials C n 2 (1 — 2u): 

2 F l{ ^ n + 4/ + 3; 21 + 2; u) = ^^-^L c^ (1 - 2u). (A.5) 

F(n + 41 + 3) 

The Jacobi polynomials obey the recursion relation 

(2n + 41 + 3)(1 - 2u) 2 F 1 {-n, n + 41 + 3; 21 + 2; u) 
= (n + 4l + 3) 2 F 1 {~n - 1, n + 41 + 4; 21 + 2; u) 
+n 2 F l (-n+l,n + 4l + 2]2l + 2]u). (A.6) 

By differentiation of a Jacobi polynomial is obtained 

d k 



du k 



2 F 1 (-n,n + 4l + 3;2l + 2;u) 



, n\T(2l + 2)T(n + 41 + 3 + k) 



= ( n - tjir ( a + 2 + it)r( n + 4i + 3) 2Fl( ~ n + + il + 3 + * ;2i + 2 + k ' m) ' 

(A.7) 

We also record a number of related relations: 

d n 

u- 1 2 F 1 (-n,n + 4l + 3;2l + 2;u) = {-l) n n\u~ n ~ l , (A.8) 
«~ 2 2 Fi(-n, ra + 4/ + 3; 21 + 2; u) 



du 7 
d" 



du n 



[-mn + l)\u^ - (-irn\ n{n +^ 3) u—\ (A. 9 ) 
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log u 2 F 1 (-n, n + 4/ + 3; 21 + 2; u) 



-l) n n\ 



r(2/ + 2) 
r(n + 4/ + 3) 



" 1 r(2n + 4Z + 3) 
(logu + 2^ r) 



^ fc' T(n + 2/ + 2) 



n-1 
k=0 



k—n 



1 T(n + 4/ + 3 + fc) 
n-A; r(2/ + 2 + fc) 



(A.10) 



d n - 1 

logw 2 ^i(-n, n + 4/ + 3; 21 + 2; u 

r(2/ + 2) 



-l) n n\ 



r(n + 4/ + 3) 



1 »1 l- 1 l, r(2n + 4/ + 3) 
(log u(lt )+w> -; > t — ; ; r~ 

2 jfe* 2 kti k I> + 2/ + 2) 



n-2 



+ u k - n+1 



T(n + 4/ + 3 + k) 



k=0 



n-k)(n- k- 1) r(2/ + 2 + k) 



(A.H) 



and 



(in 



— log ua-Pi (~n, n + 4/ + 3; 21 + 2; w) 



> r(n + 4/ + 3)^ 



fc _ w , i r(n + 4/ + 3 + fc) 

r(2/ + 2 + fc) 



(A.12) 



B Integrals 



Matrix elements involving the functions Xnl( u ) are evaluated here, with the 
notation: 



<nl || F(u) || nl >= / du(u(l- w)) 2m F(w)x^(n). (B.l) 



By means of ()A.8|) one finds: 



< ni || m 1 1 1 nl >- 



2n + Al + 3 
21 + 1 



(B.2) 



and similarly by means of (jA.lOjl : 

(n + 21 + l)(n + 21 + 2)(2n + 4/ + 3) 



< nil \u \ \ nl >- 



2/(/ + l)(2/ + l) 



(B-3) 
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This expression is only well-defined for / 7^ 0. For I = also boundary terms 
arise through partial integrations. Thus a lower cutoff in the w-integration 

2 

u m in — ^ is introduced corresponding to the integral in coordinate space 
being restricted to a large sphere of radius R. Using also 

r 1 9-1 1 

/ duu p -\l-u) q - 1 \ogu = -B{p,q)Y, r (B.4) 

fe=0 P + k 

with B(p, q) Euler's beta function, one finds the total matrix element in this 
case: 

< nO 1 1 u~ 2 1 1 nO > 

p2 q n 1 

= 2n + 3 + (2n + 3)(n + l)(n + 2)(log — - - - 2 £ 7—7)- (B.5) 

P z fc=1 k + J- 



Also the result 



n+22+l -, n-l 



< nil I log it II nl >= - - V (B.6) 

" " ^ n + 2/ + 2 + A; ^ n + Al + 3 + k V ; 

follows from (fOojl and (fR4jl . 

A more complicated matrix element is 

< nl 1 1 °^ — - 1 1 nl > 
u(l — u) 

(2n + Al + 3)r(n + Al + 3) ^ _. un+ a +1 



v ; T(2/ + 2)r(n + 2/ + 2) Jo v v " 

£ «T^fe^>*^<-"- « + « + 3; 2, + 2; „))). 

(B.7) 

The following useful relation is readily proved by induction: 

d n \ogu (-If 1 

™ log u{—— + 



du n u{l-u) ' y u n+1 {l-u) n+lJ 

nii n—k+1 1 1 \s 

+n!( _l)n^ J- „ +2 l fc ^ (B.8) 

j^[ku h fr[ u n+z k s (l — u) s 
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The contribution from the part of (jB.7|) with a logarithmic integrand is: 

. i , n (2n + 4Z + 3)r(n + 4Z + 3) yi . n Uf!+2Wl cP , M , w 

{-l) n -——— ; ^- du(u(l - m)) + + logu- — (u(l-u)) 1 

v ; n!r(2/ + 2)r(n + 2/ + 2) Jo V V " & du nK K " 

2 F 1 (-n,n + 4l + 3;2l + 2;u)) 

2n + 4/ + 3/ t ^+ 1 1*1, . 



2Z + 1 v ^ 2/ + 1 + A; ^ n + 2/ + 2 + A;' 



by ()A.8|) and ()B.4|) . The nonlogarithmic part of the integrand of (jB.7|) yields 
by (1X71) and (JEU) 

- 2 "+ 4 ' +3 i: , 1 (b.io) 

2Z + 1 ^2Z + fc+l V 7 
where also the following algebraic identities were used: 

J p\(k-p)\T(n + 2l + 2- k+p) K p> 

f ("+ 2 '~ fc ) !fc! for s = 1 

= J („+20! Iors (B.ll) 



for s > 2 



and 



w !( w + 2i-AQ! * 1 1 " 1 
ei(n-A;)!(7i + 2i + l)!^r 2Z + 1 ^ 2Z + 1 + 1 J 



fe: 

Adding and (jB.IOj) one obtains: 



logw , 2n + 4/ + 3 1 1 . 
_ fii > = (2 > I 

u(l-u) 21 + 1 v ^ 2/ + 1 + A; 2Z + 1' 



<nl\\ - 11 nl >= - "'V, (2 ^ - . t — + 

* fe=i 

(B.13) 

The last matrix element needed is 

<nl \\ (u - -)<&(- — -) II nZ > 
2 it 

V ; 2n!r(2Z + 2)r(n + 2Z + 2) Jo V V ;; dw" w ; 
((n + 4/ + 3)2^1 (-n - 1, n + 4Z + 4; 2Z + 2; «) 

+n 2 F 1 (-n + l,n + 4Z + 2; 2Z + 2; u)) (B.14) 
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where the recursion relation (|A.6|) was used. 
f|B.14|) has the Spence function part: 



_ x I> + 4/ + 4) f 1 ^.,..,, ..^n+M+w 1 -^ 



-l) n+1 , - , v — — ' -/ du(u(l-u)) n+M+1 <$>(- -) 

v ; 2n!r(2/ + 2)T(n + 21 + 2) Jo v v ;; v u ' 

d n 

2 Fi(-ra-l,n + 4Z + 4;2f + 2;u)) 



ra + 1 " +2m 



E ir^^T (B.15) 



2n + 4/ + 4 ^ n + 2/ + 2 + fc 



evaluated by means of ()A.7|) and 

r 1 1—7/ 9-1 1 r_1 1 

/ duu?-\i-uy-^{ — ) = B(p, g )(c(2,p) + i;-E^-) (B-i6) 

Jo it r^r^p+s 



where C(2,p) = D^Lp 72 is a generalized zeta function. 
The logarithmic term of (jB.14|) is by (jA.4|) : 



, T ! yn \ Al / JrA \ r C du{u(l - u)) n+2l+1 log(«(l - u)) 

1 2n!r(2/ + 2)r(n + 2/ + 2) io V V ;; V V 

logu 2 F 1 (-n- l,n + 4Z + 4;2Z + 2;'u) 



du n 

- log u^F^-n - 1, n + Al + 4; 21 + 2; it)) 

vn~i T(n + 4/ + 3) /-i 2/+J 



+ ^ 2(n-l)ir(« + 2)r(n + a + 2) 7o " W)) l0gW " U)) 

d n 

■ log u 2 F 1 (-n + 1, n + 4/ + 2; 2/ + 2; u) 



d n 

-logit— 2 F 1 (-n + l,n + 4Z + 2;2Z + 2;M)). (B.17) 
du n 

Here each term is evaluated separately by means of (|A.llj) . (|A.12|) and (|B.4|) . 
The first term of ()B.17|) is 

n + 1 1 1 



E< 



2n + 4/ + 4^ v n + 4/ + 4 + A; 21 + 2 + fc' 

j n-l n+2Z+l 2Z+1 

O E 07 I O I U E „ i 07 I O I u E 



2 ^2/ + 2 + A; ^ n + 2l + 2 + k ^ n + 2Z + 2 + A; 



(B.18) 



24 



and the second term of (|B.17|) is 

1 " 1 n + Al + 2 ^ 1 1 n + Al + 2 



2^ Q 2l + l + k 2n + Al + 2^ Q y 2l + l + k n + Al + 2 + k J 4(n + 2/ + l) 2 

f 1 ! ■ n + Al + 2 n + Al + 2 1 

^n + 2/ + 2 + g 2n + 4/ + 2 2n + 4/ + 2^n + 2/ + 2 + g 1 ' ; 

by some algebraic manipulations. 

Finally (jB.14j) has the following contribution from the nonlogarithmic 
part of the integrand according to (jA.7|) and (jB.8|) : 

(-D- , , r( ":'' +3) , ; r Mud - ± <- i)l 



2T(2l + 2)T(n + 2l + 2) Jo yy " &(n - &)! 

k— 1 j k—r / j\s (l n ~^ 

E - E Mfc+ i-. ( i _ u)MM n- fc ((" + 4/ + 3 )^(-™ - 1, n + 4/ + 4; 2/ + 2; «) 
+n 2 Fi(-n + 1, n + 4/ + 2; 21 + 2; w)) 

1 n n\ fc_1 1 fc ~ r 



2r(ra + 2Z + 2) ~ ife(n- A;)! 



E tt^mt E 1 E(-i) s r(^ + 2/ + 2 - s) 



r 



r=l s=l 

.K, iNo 1 r(n + 2Z + l-fc + p + s) . , 4I o . 

((n + 1 V(-l) p -77i tt^t ; ; ; (2n - + 4 + 3 + p) 

p!(A: + l-p)! r(n- A; + 2Z + 2+p) v ^ ; 

+(n + 4/ + 2) V(-ir - nn + 21 + l-k + p + s) 1 

p!(A;-l-p)! r(n- A; + 2/ + 2+p) 2n - jfe + 4/ + 2 + p 

(B.20) 

Here the following algebraic identities are used: 

(B.21) 



and 



^ 1 r(n + 2/ + l-fc + p + s) 1 

^ %!(A;-l-p)! r(n- A; + 2/ + 2 + p) 2n - A; + 4/ + 2 + p 

_ ( iy -i r(n + 2/ + l) r(2n + 4/ + 2-fc) 

1 J T(n + 2/ + 2-s) T(2n + 4/ + 2) ' 1 ' ' 

25 



Thus (gHH) is: 



n + 4/ + 2 " ra!(2n + 4Z + l-fc)!^l„ 

L ltz — mi L z( fc - r ) 



2(ri + 2/ + l)(2n + 4Z + l)!^ 1 fc(n-fc)! ^ r 
" 1 n + 4/ + 2 

n + Al + 2 + k + ~ 2n + 4/ + 2 ^ ' ^ 

by (lBT2|) and the identity 

» n\{2n + Al + l-k)\ = 1 

^ (n- A;)!(2n + 4/ + 2)! n + 4/ + 2' 1 ' ' 

Adding (iRToT) . (iBlSi (IBTqI) and (lB~23l) one finally obtains: 

< nl II (it- -)<&(- — -) \\nl > 
2 it 

n + 1 n +^ +1 1 _v 1 1 1 



2n + 4/ + 4 ^ 2/ + 2 + A; ^n + Al + A + k 4/ + 2 n + 4/ + 2 

n— 1 j n+2i ^ n-1 ^ 

+ 22l + 2 + r2n + 4l + 2 22I+l + r^ n + 4l + 3 + ^ 



C Zeta function regularization 

C.l The zeta function 

The Riemann zeta function is [T2*] 



fW = £*- = f5jj( dt —v < &1 > 

The zeta function behaves near e = according to: 

eC(l + 2e) ~ ^ + 7 e (C.2) 

where 7 is Euler's constant. The zeta function as defined in (|C.1J) is only well- 
defined for s > 1, but can be analytically continued to the whole complex 
plane. 



26 



The generalized zeta function is with a > 0, s > 1: 

C(5, a) = £(fc + a)- = — / f-'dt-—. (C.3) 
fc=o 1 I s / e i 

It also also has an analytic continuation in the variable s and obeys for all 
values of s the functional equation 

m— 1 

C(s, a) = ({s, a + m) + Y / (k + a)~ s . (C.4) 

fc=0 

C.2 Zeta function regular izat ion 

For a general self-adjoint operator A with eigenvalues A a generalized zeta 
function is formed [Hj, [H]: 

CA(e)=£A" e (c.5) 
and in the absence of zero modes the determinant of A is defined by: 

logdet A = - Jim JV e C A (e) = - log(/i 2 )C A (0) - &(0). (C.6) 

with an arbitrary mass scale (supposing A has dimension mass squared). 

When A is perturbed the eigenvalue A is changed by an amount SX. Hence 
the zeta function is changed by the amount 

5( A (c) = -tY< 6XX ~ 1 ~ t ( C - 7 ) 

and 

S log det A = logGu 2 ) Jim e £ <5AA~ 1-e + Jim JU £ 5AA _1_e . (C.8) 
C.3 The function Z^e) 

Zeta function regularization involves the function Z^(e) defined in ()6.7|) ; it 
has a useful representation in terms of a Feynman parameter a: 

Z,(e) = — - / dtt 2 *- 1 / da(a(l - a))^ 1 - - (— — - 0(1 - 2a))). 

(C.9) 
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By a power series expansion of the exponential and use of (|C.1J) one expresses 
Z^(e) as an infinite sum of Riemann zeta functions: 

Z,(e) = C(2£-l)-tf(2e-l)C(2e) 

+ I ^ ( (* + "-l)(*-l> + l M 2, + n-l) 

^ 2 (n — 2)\ 77.(77.- 1) 2 r(e) 2e + n — 1 

(CIO) 

whence 

Z.(0) = -— -£,ZJ-1) = — -—. (C.ll) 
0W 12 2 0V ; 120 6 

From (IHlOl) and (fHlj) - (f(l4|) follows for e ~ 0: 

1 1 H 1 

^(l + e)~- + e ( 7 --5:-). (C.12) 

Z Z s=l S 



References 

[1] A. A. Belavin, A.M. Polyakov, A.S. Schwartz and Yu. S. Tyupkin, Phys. 
Lett. 59B (1975), 82. 

[2] L.N.Lipatov, Sovj. Phys. JETP 46 (1977), 216. 

[3] G.H. Derrick, J. Math. Phys. 5, (1964) 1252. 

[4] G. 't Hooft, Phys. Rev. D14 (1976), 3432; ibid. (E) D18 (1978), 2199. 

[5] Y. Frishman, S. Yankielowicz, Phys. Rev. D19 (1979), 540. 

[6] I. Affleck, Nucl.Phys. B191 (1981), 429. 

[7] M. Nielsen, N.K. Nielsen, Phys Rev. D61 (2000), 105020. 

[8] S.W. Hawking, Comm. Math. Phys 55 (1975), 133. 

[9] E. Elizalde, S.D. Odintsov, A. Romeo, A. A. Bytsenko and S. Zerbini, 
Zeta regularization techniques with applications, World Scientific, 
1994. 

[10] K. Mitchell, Phil. Mag. 40 (1949), 351. 



28 



[11] I. Affleck, M. Dine, N. Seiberg, Nucl. Phys. B 241 (1984), 493; D. 
Finnell, P. Pouliot, Nucl. Phys. B 453 (1995), 225. 

[12] A. Erdelyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher tran- 
scendental functions, McGraw-Hill, 1953. 



29 



